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We propose a way of connecting the masses of all those particles which couple to the “elec-
troweak’ Higgs scalar. Up to radiative corrections to be given later, we expect m, = 81 GeV and
my = 66 GeV. Our realistic (but flexible) cutoff is explained as far as needed.

1. Introduction

The success of the electroweak gauge theory [1]
has led to a great revival of Quantum Field Theory.
By this, however, many theorists do nor mean a
theory of quantized interacting fields [2]. One rather
derives observable results from the “Green’s func-
tions” specified by Feynman’s integration over
classical fields [3]. All problems are thus reduced to
the choice of the action, which then is evaluated in
standard ways (numerically [4] or by perturbation
[5D.

For us who still employ quantized interacting
fields, a critical question is how these (and their
products) can exist. Is it essential to construct [6]
everything with mathematical rigor? Can super-
gravity remedy the divergencies, or will more recent
ideas [7] be needed? Should we admit new physical
structures such as a realistic cutoff [8]? Here let us
explore the last possibility, since other avenues have
been widely discussed.

The foundations of fields quantized in our sense
shall include:

(i) A realistic cutoff to make products of quant-
ized fields exist even at coincident points.

(11) Field equations compatible with (i), derived
from an action (of quantized interacting fields).

These features will be clarified below and in
papers to follow. For instance, the cutoff will break
conformal symmetry, but respect coordinate and
gauge invariance. We also shall obey the axioms
from the general theory of quantized fields [2] as far
as possible.
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In Sect. 2 we discuss the practical merits of the
dimensional regularization, state our mass predic-
tions and compare them with others. In Sect. 3 we
partly explain our cutoff; in Sect. 4 we find a
consequence for the standard Lagrangian. In Sect. 5
we derive cutoff integrals and cancellation condi-
tions, in Sect. 6 we evaluate them and discuss the
results. A comparison with perturbation theory,
super-symmetry, and hierarchy problems is given in
Section 7.

2. Mass Predictions

For most practical questions, the distinction be-
tween different foundations is so minor that often
one is in doubt as to which of them are adopted by
certain authors. Hence it is of special interest when
two attitudes can be distinguished by merely
counting their observable consequences. This hap-
pens in the problem of quadratic divergencies. A
realistic cutoff at the mass 4 makes i [ p~2dp = (n4)*;
but this integral vanishes under dimensional re-
gularization. Hence the latter suppresses cancella-
tion conditions provided by the cutoff.

Dimensional regularization remains an ingenious
device for evaluating theories with prescribed cou-
plings. This holds especially for physically in-
complete models such as pure quantum electro-
dynamics, where cancellations of fermion and boson
masses are impossible. In other words, working in
d # 4 dimensions is excellent for circumventing
issues inaccessible for too unrealistic models. We
merely deny the fundamental significance one
sometimes ascribes to dimensional regularization.

The effects of a gauge invariant cutoff on per-
turbation theory and on the metric in the Hilbert
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space being discussed elsewhere [9], below we
obtain an equation for the standard Higgs field. For
this scalar and for the heaviest quark, that equation
leads to

40 GeV < my <90 GeV  and
70 GeV < m; <90 GeV. (1)

These estimates do not violate confirmed experi-
mental or theoretical bounds.

From asymptotic freedom, Kubo, Siebold, and
Zimmermann [10] have derived

my=61GeV and m, =81 GeV. 2)

Our very different arguments for (1) are compatible
with those for (2), and so are the results. Like us, the
authors predicting (2) evaluated the well-confirmed
Standard Model, although one generally regards it
as far from fundamental. Since lower masses were
expected and indicated previously [11], the agree-
ment between (2) and (1) is remarkable.

3. The Assumed Cutoff

For clarity let us solely employ the Standard
Model with minimal Higgs content [12]. Grand
unifications and other extensions may be included
by the reader. More work will be needed for further
improvements we have in mind. They include the
distinction between the values of coupling constants
at low and high energies. The resulting corrections
will be minor, and also the present omission of
gravity can be motivated.

Much should be said about the relation of our
proposal to other treatments of quadratic diver-
gencies, to super-symmetry and hierarchy prob-
lems. Remarks are given in Section7. For the
calculations of Sects. 4 through 6, we need only the
following comparison with a “too rigid” cutoff (such
as that of Pauli-Villars with a precise mass A).

We consider the cutoff as a step towards a theory
without sharp points in time and space. Though
such a theory has often been envisioned [13], its
direct formulation seems premature. We actually do
not expect new mathematics (without a continuum);
rather the relations between mathematical and
physical “spaces” should be understood more rea-
listically. In this sense, we regard any specific cutoff
merely as a representative from a vast class of
physically equivalent procedures.
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This philosophy has the practical consequence
that we require quadratic and logarithmic diver-
gencies to cancel separately. From one equation for
the Higgs field, we thus can deduce the vanishing of
two expressions, (i) one which for 4 — oo would
diverge quadratically and (ii) another logarith-
mically divergent. Hence we attain (1) rather than a
single relation between my and m,. In other words,
our cancellation conditions are stronger than those
from dimensional regularization or from a rigid
cutoff (though weaker than conditions which
demand a supersymmetry).

4. A Basic Stationarity

That part of the Lagrangian which contains the
“physical” Higgs field

@*= @'~ with v={(d% ~ 250 GeV, (3)

in the Standard Model without gravity can be
written
=1 ROl — T Ty ot
— I my(@* D20 + 42, 4)
Using familiar notation such as
Sgo=So0— S11— Su2— 833,

we denote any vacuum (expectation) value by { ).
We write @H=@° @” with r=1,2, 3, but ®*=@’,
@* for those hermitian Higgs components which
obey (@*) = 0.

In (4) we expressed the constants of the scalar
self-interaction by the bare Higgs mass my. For this
purpose, we invoked the tree approximation, leav-
ing higher orders of the effective action [14] for
later work. From the invariant combination @} @}
of the gauge covariant derivatives @ =@M+
we will only need

ol
= ATRGPWI W+ (g2 + 9D Z,Z 2°D°. (5)

From (4) with (5) we obtain Euler’s polynomial

E=0[ /o0t = ... — (mf/2v) (@' D" + 3D D?)
+1 292 W W+ (g2 +g') Z,Z,) - &°
— 'Y my, (6)

the terms ignored here will not contribute below.
After checking that the Faddeev-Popov fields ¢, ¢
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make our results gauge invariant, we have adopted
the Landau gauge. Therefore (4) and (6) do not
contain the ¢, ¢, while the “unphysical” Higgs com-
ponents @', @2, &3 remain massless.

By our realistic cutoff, Euler’s equations [15] and
the equivalent stationarity of [ become im-
possible (after infinite renormalizations, 6 [ =0
does not hold either). The vacuum values of Euler’s
polynomials vanish nevertheless, and also the well
known stationarity of the effective action [14]
implies 6{|~)=0 (the simple proofs will follow
elsewhere). Hence (6) must obey ’

v(Ey=(30)?Qg* Wi W,+ (g*+9') Z,Z,)
—Ami(@ @+ 304 dH +Pm¥Py=0. (7)
Everything symbolized in (5) and (6) by dots, such

as terms linear in (3), does not contribute in the
present approximation.

5. Cancellation Conditions

In (7) we need the complete propagators of many
basic, interacting fields. They occur because they
directly couple to the Higgs field (3). Those un-
known propagators can be approximated by the
bare ones because they enter (7) mainly at high
energies (this plausible feature of theories with a
cutoff will be discussed later).

Therefore we obtain

CLIRCAL )

=i(A¥n)? [ (p*—mi)~' (A= p) 2 dp

=A% —mi In (A/u)?,

@n) "Dy =342,

@m)> (W] Wy =3mi In(4/p)* — 342,

(4m)*{Z,Zy =3m3In (A/u)>— 342,

@n)’Em¥P)y =43 mj{m;In(A/p)* — A%,
where f runs over all lelgtons and quarks. Having
omitted terms finite for 4 — oo, we replaced the

masses under the logarithms by an average x. Thus
(7) provides

@n)’e{Ey=LIn(A/u)*— QA*=0 (8)
with
0=3mp+33g*+gHr?—4Y m;,
oM,
L =3 (my+g*c?mi)
+%(g2+g’2) L'2m§—42m}. )
!
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Since in non-integral dimensions d one gets
| p=2d% = 0, dimensional regularization would yield
(8) without QA2 (under the usual replacement of
(4—d)~' by InA/u). Then the coupling constants
would only be restricted by L=0. On the other
hand, an unambiguous cutoff at a fixed mass A
would only demand that (8) as a whole equals zero.
The ensuing condition QA= L In (A/u)? would in
practice just require Q = 0, because

Lin(A/u)* A7~ |L/A?

i1s much smaller than any term of Q.
In our opinion, however, the exact mass of the
cutoff ought to be unimportant. Then (8) demands

0=0. (10)

Hence the restriction L=0 known from dimen-
sional regularization must hold together with Q =0,
which in practice is required by any cutoff. In other
words, our flexible cutoff imposes Q=0 as an
additional condition whereas a rigid cutoff would
demand Q = 0 instead of L = 0.

L=0 aswellas

6. Resulting Estimates

Within the accuracy expected here, only the
maximal mass m, of all the quarks contributes to
2. m? and ) m}. Since we are not sure whether
the most massive quark is the top ¢ or belongs to a
fourth generation, we call it ¢g. For an experimental
search, it will be irrelevant whether ¢ is the top
quark or indicates another generation.

In any case, near our m, some quark should be
found. After the initial discovery of this most
massive ¢, the less difficult observation of its
branching ratios will reveal its nature. (In (1) we
denoted the maximal quark mass by m,, in order to
defer these explanations until now, and because
other arguments [16] favor 3 generations). Assuming
3 colors and expressing g v, g’ v as usual by my, mz,
we now employ

gr=2mw, (g'v)t=4(m:i—mi),
§m}=3m§ and %‘,m}‘=3m‘;.

When these are inserted, (9) gives
Lo=m}+2my+mj—4aml,

IL=m}+4my+2myz—8m,. (11)
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Thus (10) and the observed [17] mw = 82 GeV,
mz = 93 GeV yield either

my;x 124 GeV and my = 199 GeV (12)

or

m,~ 81 GeV and my=x 66 GeV. (13)

Discarding (12) as too unlikely and anticipating
radiative corrections, let us predict (1). Alter-
natively, we might neglect my and then evaluate
Q =0 alone (to invoke less philosophy). Then (11)
would give m, = 74 GeV, which lies safely within
the estimate (1). For the Higgs mass, we have there
assumed a wider tolerance because we feel less
secure about the my from (13).

7. Hierarchy Problems

The relation here written QA4%= 0, with Q as in
(9) and (11), has been proposed in perturbation
theory [18] for avoiding an excessive “dynamical
mass” for the Higgs scalar. The required partial
cancellation of huge terms has rightly been critic-
ized as unnatural. When a scalar couples to fields
needed in Grand Unifications, such difficulties
occur even under dimensional regularization (where
the quadratically divergent integral i [ dp (p> — M?)~!
gets a value in the order of M?). One may call any of
these or other questions about the coexistence of
very high and low masses a “hierarchy” problem.
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